


 

𝑟0 > 𝑅 𝑅

𝑣

𝑣1

𝑟0 𝑔, 𝑅 𝑚

∫𝑑𝑟 (
1

𝑟
−
1

𝑟0
)
−
1

2

     𝑟 = 𝑟0 cos
2 𝑥

 

𝑀 𝑅



𝑚2 ≪ 𝑀

𝑀 𝑚2
𝑟0  >  𝑅

√
𝐺𝑀

𝑟0
 𝑣0

𝑣0 = √
𝐺𝑀

𝑟0

𝑚2
𝑀 𝑟0

𝑚1 < 𝑚2 ≪ 𝑀

𝑚2
𝑚1 𝑚1 𝑚2

𝑚2

𝜆 =
𝑚2

𝑚1
𝑚2

𝑚1 𝑚2
𝑀

𝐺

𝑣1 𝑣0
𝑚1

𝑟0 𝐸1
𝑇1

𝑣2 𝑣0
𝑚2  

𝑉

𝑉 𝜆 =
𝑚2

𝑚1

𝜆
𝑉

𝑣0

𝑟0
𝑉

𝑣0

𝑉

𝑣0
 

𝜆 =
𝑚2

𝑚1



 

𝑚1 𝑚2 𝑚1 = 𝑚 = 𝑚2 

𝑀

𝑚1 𝑟1 = 𝑟0 

𝑣1 =
1

2
√
𝐺𝑀

𝑟0
=
1

2
𝑣0  𝐺

𝑚2

𝑚1 𝑟2 =
25

7
𝑟0 

𝑣2 =
7

20
 √
𝐺𝑀

𝑟0
=

7

20
𝑣0 , 𝑚1

𝑚 𝑀

𝑇 = 2𝜋√𝜇
𝑎3

𝐺𝑚𝑀
𝜇

𝑚1 

𝑟1,± 𝑣1,± 𝑚1
𝑟1,+ 𝑣1,+ 𝑟1,− 𝑣1,− 𝑇1

𝑚2
𝑟2,± 𝑣2,± 𝑚2
𝑇2

𝑇2

𝑇1

𝑉



 

𝑚

𝑀 ≫ 𝑚

𝑅

𝑟0 = 2𝑅

𝑣

𝑣

𝑣

𝑣0

𝑟0 = 2𝑅

𝑣′

𝑣𝐵

𝜔 = √
𝐺𝑀

𝑅3
Δ𝑡𝐵𝐶



 Δ𝑡𝐴𝐵

Δ𝑡𝐴𝐵 = ∫
𝑑𝑟

√2𝐺𝑀 (
1
𝑟 −

1
2𝑅)

2𝑅

𝑅

𝑟 =  2𝑅 sin2 𝑢

Δ𝑡𝐴𝐷 𝐴 𝐷

 

𝑚2 = 𝑚√2

𝑟0
𝑀 𝑅 < 𝑟0

𝑚1 = 𝑚

𝑀

𝑟0 𝑀

𝑚1 𝑚2

𝑣1 𝑚1
𝑟0 𝑀

𝑣2 𝑚2
𝑟0 

𝑇2 𝑚2 

𝑉

∆

𝑀

𝑉0
𝑀

∆𝑡



𝑟0, 𝐺,𝑀, 𝑅 𝑚

𝑀 ≫ 𝑚1, 𝑚2

∫𝑑𝑟 [
1

𝑟
−
1

𝑟0
] ]
−
1

2

𝑟 = 𝑟0 cos
2 𝑥

 

𝜏

𝜌

(𝑚₀)

𝑧₀ 𝑧

𝑚₀

𝑧₀ ≫  𝜏

 

𝜏 𝜌

(𝑚₀)

𝑧₀ 𝑧

𝑚₀

𝑧₀ ≫  𝜏

𝐹𝑧 𝑅 ≫ 𝑧0



 

𝑚

𝑀 𝑅

 

𝑣 = √2𝐺𝑀 (
1

𝑅
−
1

𝑟
)

𝑎 = 𝑣𝑑𝑣/𝑑𝑟 𝑔(𝑟) =
𝐺𝑀

𝑟2

 

 

𝑀 𝑅 𝑚

𝑟₀.

𝑟 𝑟 = 𝑟0, 𝑣 = 0

𝑔₀ 𝑔0 =
𝐺𝑀𝑇

𝑅𝑇
2 ,

𝑚 𝑣 = √2 𝑅𝑇𝑔0 𝑟₀

𝑣𝑑𝑡 = 𝑑𝑟 𝑣𝑑𝑣
𝑑𝑟

𝑟2

 

𝐿 𝑚 𝑥

𝑥₀.

𝑀

𝑥₀ ≫  𝐿

𝑑𝑚



 

𝑔𝑇

• 𝑀𝑇 = 5,975 × 10
24 𝑘𝑔

• 𝑅𝑇 = 6,371 23 × 10
6 𝑚

• 𝐺 = 6,672 59 × 10−11 𝑁
𝑚2

𝑘𝑔2

 

𝑂 𝑅 𝑚

𝑦𝑧 𝑀₀ 𝑂𝑥 𝑥₀.

𝑀₀

𝑥₀ ≫  𝑅

𝑑𝑚

 

 

𝑀 𝑅

𝑟 <  𝑅

 

𝑀 𝑅 𝑅/2



 

2,0 𝑘𝑔 1,0 𝑚

10 𝑔 0,25 𝑚

 

𝜌 =  10¹⁷ 𝑘𝑔/𝑚³.

 

ℎ 700 𝑘𝑚

𝑅 ≫  ℎ

 

𝑀 𝑅

𝑔ₚ ℎ

𝑔𝑝 =
𝐺𝑀

𝑅2
(1 +

ℎ

𝑅
)
−2



(𝑎 + 𝑥)𝑛 = 𝑎𝑛 + 𝑛 𝑎𝑛−1𝑥 +
1

2
𝑛(𝑛 − 1)𝑎𝑛−2 𝑥2 +⋯

𝑥2 < 𝑎2 𝑎 = 1 𝑥 =
ℎ

𝑅
 𝑛 = −2 ℎ ≪ 𝑅

 

𝑔𝑝 =
𝐺𝑀

𝑅2
(1 −

2ℎ

𝑅
)

𝐺𝑀/𝑅² 𝑔ₚ (ℎ =  0)

 10 000 𝑚

𝑔0 =
𝐺𝑀𝑇

𝑅𝑇
2

• 𝑀𝑇 = 5,975 × 10
24 𝑘𝑔

• 𝑅𝑇 = 6,371 23 × 10
6 𝑚

• 𝐺 = 6,672 59 × 10−11 𝑁
𝑚2

𝑘𝑔2

• Masse de la Lune: 7,35 × 1022 𝑘𝑔

• 𝑅𝐿 = 1,74 × 10
6 𝑚

 

       



𝜌 𝜏

𝜏 =  𝐾𝑟 𝐾

 

₀

𝐹𝑥 = 2𝜋𝐾𝜌𝑀𝐺 𝑥0 (ln
𝑅 + √𝑅2 + 𝑥0

2

𝑥0
 −

𝑅

√𝑅2 + 𝑥0
2
)

𝑑𝑚

𝐿 𝑀 𝑑𝑚

𝜃

 

 

𝑀 𝐿 𝑦

𝑚0
𝑥 𝑥₀.

𝜆ₘ

𝐿

 

20,0 𝑈𝐴 (𝑜𝑢 2,99 ×  10¹² 𝑚



 

• 𝑟𝑇𝐿 = 3,844 × 10
8𝑚

 

𝑚 𝑦 𝑑

𝑃 𝑥 𝑥

𝑔 =
2 𝐺 𝑚 𝑥

(𝑥2 + 𝑑2)
3
2

 

𝑃 𝑒𝑠𝑡 𝑟 = (𝑥2 + 𝑑2)
1

2

 

 

 



 

 

 

 

 

 



 

 

 

 

 



 

 

 

 

 

 

 



 

 



 



 

 

𝐹 = 𝑚𝑎 =
𝑚𝑣2

𝑟0

𝐹 =
𝐺𝑀𝑚

𝑟0
2 .

𝐹 =
𝑚𝑣2

𝑟0
= 𝐺

𝑀𝑚

𝑟0
2  ⇒ 𝑣

2 =
𝐺𝑀

𝑟0
                                    (1)

𝑟0 𝑔, 𝑅 𝑚

𝑟 = 𝑅, 𝑔).

𝐹 = 𝑚𝑔 = 𝐺
𝑀𝑚

𝑅2
 ⇒ 𝐺𝑀 = 𝑔𝑅2 (1)

𝑣2 =
𝐺𝑀

𝑟0
=
𝑔𝑅2

𝑟0
  ⇒   𝒗 = √

𝒈𝑹𝟐

𝒓𝟎

 

𝑣 =
𝑥

𝑡
=
𝑀𝐶𝑈 2𝜋𝑟0

𝜏
 ⇒ 𝜏 =

2𝜋𝑟0
𝑣
=  
2𝜋𝑟0

√
𝑔𝑅2

𝑟0

= 2𝜋𝑟0 √
𝑟0
𝑔𝑅2

= 2𝜋√
𝑟0
3

𝑔𝑅2

Δ𝑡1 

𝚫𝒕𝟏 = 𝝅 √
𝒓𝟎
𝟑

𝒈𝑹𝟐

 

𝑚𝑣



mv2

2
+
mv2

2
= mv2

ΔEcin = Ecinfin − Ecinini = 0 −mv
2 = −mv2 =

question 2
−m

gR2

r0
  

 

 

2m

Ep−collision = −GM ⋅
2m

r0
= −2m

gR2

r0

𝐄𝐓𝐎𝐓 = ECin + EPot = 0 − 2m
gR2

r0
= −𝟐𝐦

𝐠𝐑𝟐

𝐫𝟎
v1,

• Ecinsol =
2mv1

2

2
= mv1

2

• Epotsol = −2m
gR2

R
= −2mgR

• 𝐄𝐓𝐎𝐓 = ECinsol + EPotsol = mv1
2 − 2mgR = −𝟐𝐦

𝐠𝐑𝟐

𝐫𝟎
𝐄𝐭𝐨𝐭

mv1
2 − 2mgR = −2m

gR2

r0
 ⟹ v1

2 = 2gR −
2gR2

r0
= 2gR (1 −

R

r0
) 

⇒ 𝐯𝟏 = √𝟐𝐠𝐑 (𝟏 −
𝐑

𝐫𝟎
)  

 

Etot = −𝟐𝐦
𝐠𝐑𝟐

𝐫𝟎

• Ecin(t) =
2mv2(t)

2
= mv2(t) = m(

dr

dt
)
2

• Epot(t) = −2m
gR2

r



Etot = Ecin(t) + Epot(t) ⇔  m(
dr

dt
)
2

− 2m
gR2

r
= −2m

gR2

r0

⇔ (
dr

dt
)
2

= 2
gR2

r
− 2

gR2

r0
= 2gR2 (

1

r
−
1

r0
)

t r(t)
dr

dt
√⬚

   ⇔
dr

dt
= − √2gR2 (

1

r
−
1

r0
)  ⇔ dt = −

dr

√2gR2 (
1
r −

1
r0
)

 

Δt2 = ∫ dt = −∫
dr

√2gR2 (
1
r
−
1
r0
)

R

r0

t

0

= −
1

√2gR2
∫

dr

√(
1
r
−
1
r0
)

R

r0

r = r0 cos
2 x

dr = −2r0 cos(x) sin(x) dx

• r = r0 ;   r0 = r0 cos
2(x)  ⇒ x = arccos(1) = 0

• r = R ;   R = r0 cos
2(x)  ⇒ x = arccos√

R

r0

⇒ −
1

√2gR2
∫

dr

√(
1
r −

1
r0
)

R

r0

=
2 r0

√2gR2
∫  

cos(x) sin(x) dx

√(
1

r0 cos2 x
−
1
r0
)

arccos√
R
r0

0

 

=
2 r0

√2gR2
∫  

cos(x) sin(x) dx

√(
1

r0 cos2 x
−
cos2 x
r0 cos2 x

)

arccos√
R
r0

0

=
2 r0

√2gR2
∫  

cos(x) sin(x) dx

√(
1 − cos2 x
r0 cos2 x

)

arccos√
R
r0

0

=
2 r0 ⋅ √r0

√2gR2
∫  

cos(x) sin(x) dx

√(
sin2(x)
cos2 x

)

arccos√
R
r0

0

=
2 r0 ⋅ √r0

√2gR2
∫  

cos(x) sin(x) dx

sin(x)
cos(x)

  

arccos√
R
r0

0

=
2 r0 ⋅ √r0

√2gR2
∫  cos2(x) dx
arccos√

R
r0

0

cos(2x) = cos2(x) − sin2(x) = cos2(x) − (1 − cos2(x)) = 2 cos2(x) − 1 

⇒ cos2 x =
1

2
+
1

2
cos(2x)



2 r0 ⋅ √r0

√2gR2
∫  cos2(x) dx
arccos√

R
r0

0

=
2 r0 ⋅ √r0

√2gR2
∫  

1

2
+
1

2
cos(2x)  dx

arccos√
R
r0

0

=
2 r0 ⋅ √r0

√2gR2
 [[
1

2
x]
0

arccos√
R
r0
+
1

2
⋅
1

2
[sin 2x ]0

arccos√
R
r0]

=
2 √r0

3

√2gR2
 [
1

2
arccos√

R

r0
+
1

4
sin 2 (arccos√

R

r0
) ]

=
 √r0

3

√2gR2
 [arccos√

R

r0
+
1

2
sin 2 (arccos√

R

r0
) ]

⟹ 𝚫𝐭𝟐 =

√𝐫𝟎
𝟑

√𝟐𝐠𝐑𝟐
 [𝐚𝐫𝐜𝐜𝐨𝐬√

𝐑

𝐫𝟎
+
𝟏

𝟐
𝐬𝐢𝐧 𝟐 (𝐚𝐫𝐜𝐜𝐨𝐬√

𝐑

𝐫𝟎
) ]  

r0 = R Δt2 = 0 

• sin 2𝑥 = 2 sin 𝑥 cos 𝑥  

• sin(𝑎𝑟𝑐𝑜𝑠 𝑥) = √1 − 𝑥2

 sin 2 (arccos√
R

r0
) = 2 sin ( arccos√

R

r0
) cos (arccos√

R

r0
)=2 √

R

r0
  √1 −

R

r0

𝚫𝐭𝟐 =

√𝐫𝟎
𝟑

√𝟐𝐠𝐑𝟐
 [𝐚𝐫𝐜𝐜𝐨𝐬√

𝐑

𝐫𝟎
+√

𝐑

𝐫𝟎
  √𝟏 −

𝐑

𝐫𝟎
]

 

 

 𝑚1

𝐹 = 𝑚1𝑎 =
𝑚𝑣1

2

𝑟0

𝐹 =
𝐺𝑀𝑚1

𝑟0
2 .

𝐹 =
𝑚𝑣1

2

𝑟0
= 𝐺

𝑀𝑚1

𝑟0
2  ⇒ 𝑣1

2 =
𝐺𝑀

𝑟0
 ⇒ 𝑣1 = √

𝐺𝑀

𝑟0
 =
𝑑𝑒𝑓
𝑣0



𝐄𝐓𝐎𝐓 = ECin + EPot

 ⟹  𝐄𝐓𝐎𝐓 =
m1v1

2

2
−
GMm1
r0

=
m1
2
⋅
GM

r0
−
GMm1
r0

= −
1

2

GMm1
r0

= −
1

2
m1v0

2 < 0

𝑚1

𝑣1 =
𝑥

𝑡
=
𝑀𝐶𝑈 2𝜋𝑟0

𝜏
 ⇒ 𝝉 =

2𝜋𝑟0
𝑣1

= 
2𝜋𝑟0

√
𝐺𝑀
𝑟0

= 2𝜋𝑟0 √
𝑟0
𝐺𝑀

= 𝟐𝝅√
𝒓𝟎
𝟑

𝑮𝑴

 𝑚2

𝐸𝑡𝑜𝑡 < 0 𝐸𝑡𝑜𝑡 = 0 

𝐸_𝑡𝑜𝑡 > 0 

𝑚2 𝐄𝐓𝐎𝐓 = ECin + EPot

 ⟹  𝐄𝐓𝐎𝐓 =
m2v2

2

2
−
GMm2
r0

= 0 ⇔ v2
2 =

2GM

r0
⇔ v2 = √

2GM

r0
= √2 v0

 

−𝑚1𝑣1 +𝑚2𝑣2 = (𝑚1 +𝑚2)𝑉 ⇔ 𝑽 =
𝑚2𝑣2 −𝑚1𝑣1
(𝑚1 +𝑚2)

=
𝑞2 𝑚2√2𝑣0 −𝑚1𝑣0

(𝑚1 +𝑚2)

=
𝑚2√2 −𝑚1
(𝑚1 +𝑚2)

𝑣0 =

𝑚2
𝑚1
√2 − 1

(1 +
𝑚2
𝑚1
)
𝑣0 =

𝝀√𝟐 − 𝟏

𝟏 + 𝝀
 𝒗𝟎

𝜆 =
𝑚2

𝑚1

𝑉 =
𝜆√2−1

1+𝜆
 𝑣0  ⇒ 𝑉 + 𝑉𝜆 − 𝜆√2𝑣0 + 𝑣0 = 0 ⇒ 𝜆 (𝑉 − √2𝑣0) = −(𝑣0 + 𝑉)

⇒ 𝝀 =
𝑣0 + 𝑉

√2𝑣0 − 𝑉
=
𝟏 +

𝑽
𝒗𝟎

√𝟐 −
𝑽
𝒗𝟎

𝜆

 𝑚1 

𝑚2



𝑚1 +𝑚2 𝑉,

𝑟 = 𝑟0
𝑉.

𝑟+ 𝑉+

(𝐿⃗ = 𝑚𝑟 ∧ 𝑣  𝐿 = 𝑚𝑟𝑣)

(𝑚1 +𝑚2)𝑟0𝑉 = (𝑚1 +𝑚2)𝑟+𝑉+  ⇔ 𝑉+ =
𝑟0
𝑟+
𝑉 

1

2
(𝑚1 +𝑚2)𝑉

2 − 𝐺𝑀
𝑚1 +𝑚2

𝑟0
=
1

2
(𝑚1 +𝑚2)𝑉+

2 − 𝐺𝑀
𝑚1 +𝑚2

𝑟+
1

2
𝑉2 −

𝐺𝑀

𝑟0
=
1

2
𝑉+
2 −

𝐺𝑀

𝑟+
 ⇔  

1

2
𝑉2 − 𝑣0

2 =
1

2
𝑉+
2 −

𝐺𝑀

𝑟+
 ⋅
𝑟0
𝑟0

⇔ 
1

2
𝑉2 − 𝑣0

2 =
1

2
𝑉+
2 − 𝑣0

2 ⋅
𝑟0
𝑟+
 ⇔  𝑉2 − 2 𝑣0

2 = 𝑉+
2 − 2𝑣0

2 ⋅
𝑟0
𝑟+
   

𝑉+ =
𝑟0

𝑟+
𝑉 

𝑉2 − 2 𝑣0
2 = (

𝑟0
𝑟+
𝑉)

2

− 2𝑣0
2 ⋅
𝑟0
𝑟+
   ⇔ 𝑉2 [1 − (

𝑟0
𝑟+
)
2

] = 2𝑣0
2 [1 −

𝑟0
𝑟+
]

⇔ 𝑉2 (1 −
𝑟0
𝑟+
) (1 +

𝑟0
𝑟+
) = 2𝑣0

2 [1 −
𝑟0
𝑟+
] ⇔  1 +

𝑟0
𝑟+
=
2𝑣0

2

𝑉2
 

𝑟+

1 +
𝑟0
𝑟+
=
2𝑣0

2

𝑉2
 ⇔ 𝒓+ =

𝒓𝟎

𝟐𝒗𝟎
𝟐

𝑽𝟐
− 𝟏

𝑉

𝑣0

1 +
𝑟0
𝑟+
=
2𝑣0

2

𝑉2
 ⇔

𝑉2

2𝑣0
2 =

𝑟+
𝑟+ + 𝑟0

 ⇔  
𝑽

𝒗𝟎
= √ 𝟐 

𝒓+
𝒓+ + 𝒓𝟎

 

 𝝀 =
𝟏+

𝑽

𝒗𝟎

√𝟐−
𝑽

𝒗𝟎

𝑽

𝒗𝟎
= √ 𝟐 

𝒓+

𝒓++𝒓𝟎

𝜆 =
1 +

𝑉
𝑣0

√2 −
𝑉
𝑣0

=

1 + √ 2 
𝑟+

𝑟+ + 𝑟0

√2 − √ 2 
𝑟+

𝑟+ + 𝑟0

=
√𝑟+ + 𝑟0 +√ 2 𝑟+

√2(𝑟+ + 𝑟0) − √ 2 𝑟+
=

√
𝑟+
𝑟0
+ 1 + √ 2 

𝑟+
𝑟0

√2(
𝑟+
𝑟0
+ 1) − √ 2 

𝑟+
𝑟0



𝜆 =
𝑚2

𝑚1

𝝀 =
𝒎𝟐

𝒎𝟏
=

√
𝒓+
𝒓𝟎
+ 𝟏 + √ 𝟐 

𝒓+
𝒓𝟎

√𝟐(
𝒓+
𝒓𝟎
+ 𝟏) − √ 𝟐 

𝒓+
𝒓𝟎

 

 

 𝑚1

𝐄𝟏 = ECin + EPot

 ⟹  𝐄𝟏 =
m1v1

2

2
−
GMm1
r1

=
1

2
m1 (

1

2
v0)

2

−
GMm1
r0

=
1

8
m1v0

2 −m1v0
2 = −

7

8
 m1v0

2 

𝑚1 𝑣0
2 −

7

8
 m1v0

2 𝐸1 < 0.

 

(𝐿⃗ = 𝑚𝑟 ∧ 𝑣  𝐿 = 𝑚𝑟𝑣)

𝑚1 𝑚2

𝑚1𝑟1,± 𝑣1,± = 𝑚1𝑟1𝑣1 =
1

2
 𝑚1𝑟0𝑣0

E1 =
𝑚1
2
 (𝑣1,± )

2
−
GMm1
𝑟1,± 

=
m1v1

2

2
−
GMm1
r1

=
q1
−
7

8
 m1v0

2 

⇒
𝑚1
2
 (𝑣1,± )

2
−
GMm1
𝑟1,± 

= −
7

8
 m1v0

2 

𝑚1𝑟1,± 𝑣1,± =
1

2
 𝑚1𝑟0𝑣0  ⇔  𝒗𝟏,± =

𝟏

𝟐

𝒓𝟎𝒗𝟎

𝒓𝟏,± 
 

𝑚1
2
 (𝑣1,± )

2
−
GMm1
𝑟1,± 

= −
7

8
 m1v0

2  ⇔  
1

2
 (
1

2

𝑟0𝑣0
𝑟1,± 

)

2

−
GMr0
𝑟1,± 𝑟0

= −
7

8
 v0
2 



⇔ 
1

8
 𝑣0
2 (
𝑟0
𝑟1,± 

)

2

− 𝑣0
2  (

𝑟0
𝑟1,± 

) +
7

8
 𝑣0
2 = 0  ⇔  

1

8
 (
𝑟0
𝑟1,± 

)

2

− (
𝑟0
𝑟1,± 

) +
7

8
= 0 

⇔   (
𝑟0
𝑟1,± 

)

2

−  8 (
𝑟0
𝑟1,± 

) + 7 = 0  

𝑥2 − 8𝑥 + 7 = 0 𝑥 =
𝑟0

𝑟1,± 

𝑥2 − 8𝑥 + 7 = 0 𝑥1 = 7 𝑥1 = 1, 

• 
𝑟0

𝑟1,± 
= 1 ⇒ 𝑟1,± = 𝑟0

• 
𝑟0

𝑟1,± 
= 7 ⇒ 𝑟1,± =

𝑟0

7

𝒓𝟏,+ = 𝒓𝟎
𝒓𝟏,− =

𝒓𝟎

𝟕

𝒗𝟏,+ =
𝟏

𝟐
𝒗𝟎

𝑣1,− =
1

2

𝑟0𝑣0

𝑟1,− 
𝑟1,− =

𝑟0

7
𝒗𝟏,− =

𝟕

𝟐
𝒗𝟎

𝑚1
𝑟1 = 𝑟0

1

7
𝑟0) 𝑟0) =

8

7
𝑟0

𝑎,
4

7
 𝑟0.

𝑚1 ≪ 𝑀, 𝜇 ≈ 𝑚1.

𝑻𝟏 = 2𝜋√𝜇
𝑎3

𝐺𝑚𝑀
= 2𝜋√

𝑎3

𝐺𝑀
= 2𝜋

√(
4
7)
3

𝑟0
3

𝐺𝑀
= 2𝜋

4

7
 
√
4
7 𝑟0 𝑟0

2

𝐺𝑀
= 2𝜋

4

7
⋅
2

√7
 𝑟0√

 𝑟0 

𝐺𝑀

= 𝟐𝝅
𝟖

𝟕√𝟕

𝒓𝟎
𝒗𝟎

 𝑚2
𝑚1

𝑣2 =
7

20
 √
𝐺𝑀

𝑟0
=

7

20
𝑣0 𝑟2 =

25

7
𝑟0

𝐄𝟐 = ECin + EPot

 ⟹  𝐄𝟐 =
m2v2

2

2
−
GMm2
r2

=
(m1=m2=m) 1

2
m(

7

20
v0)

2

−
7

25

GMm

r0
=
49

800
mv0

2 −
7

25
mv0

2

= −
175

800
 mv0

2 = −
7

32
 mv0

2

𝑚 𝑣0
2 −

7

32
 mv0

2 𝐸1 < 0.



 

(𝐿⃗ = 𝑚𝑟 ∧ 𝑣  𝐿 = 𝑚𝑟𝑣)

𝑚1 𝑚2

𝑚2 = 𝑚 (= 𝑚1)

𝑚2𝑟2,± 𝑣2,± = 𝑚𝑟2𝑣2 =  𝑚 ⋅
25

7
𝑟0 ⋅

7

20
𝑣0 =

5

4
𝑚𝑟0𝑣0

E2 =
𝑚

2
 (𝑣2,± )

2
−
Gmm

𝑟2,± 
=
mv2

2

2
−
GMm

r2
=
q3
−
7

32
 mv0

2 

⇒
𝑚

2
 (𝑣2,± )

2
−
GMm

𝑟2,± 
= −

7

32
 mv0

2 

𝑚𝑟2,± 𝑣2,± =
5

4
 𝑚𝑟0𝑣0  ⇔  𝒗𝟐,± =

𝟓

𝟒

𝒓𝟎𝒗𝟎

𝒓𝟐,± 
 

𝑚

2
 (𝑣2,± )

2
−
GMm

𝑟2,± 
= −

7

32
 mv0

2  ⇔  
1

2
 (
5

4

𝑟0𝑣0
𝑟2,± 

)

2

−
GMr0
𝑟2,± 𝑟0

= −
7

32
 v0
2 

⇔
25

32
 𝑣0
2 (
𝑟0
𝑟2,± 

)

2

− 𝑣0
2  (

𝑟0
𝑟2,± 

) +
7

32
 𝑣0
2 = 0  ⇔

25

32
 (
𝑟0
𝑟2,± 

)

2

− (
𝑟0
𝑟2,± 

) +
7

32
= 0 

⇔  25 (
𝑟0
𝑟2,± 

)

2

−  32 (
𝑟0
𝑟2,± 

) + 7 = 0  

25 𝑥2 − 32𝑥 + 7 = 0 𝑥 =
𝑟0

𝑟2,± 

25 𝑥2 − 32𝑥 + 7 = 0 𝑥1 =
7

25
𝑥1 =

1, 

• 
𝑟0

𝑟2,± 
= 1 ⇒ 𝑟2,± = 𝑟0

• 
𝑟0

𝑟2,± 
=

7

25
⇒ 𝑟2,± =

25

7
𝑟0

𝒓𝟐,+ =
𝟐𝟓

𝟕
𝒓𝟎

𝒓𝟐,− = 𝒓𝟎



𝒗𝟐,+ =
𝟕

𝟐𝟎
𝒗𝟎

𝑣2,− =
5

4

𝑟0𝑣0

𝑟2,− 
𝑟2,− = 𝑟0 𝒗𝟐,− =

𝟓

𝟒
𝒗𝟎

𝑚2

𝑟0)
25

7
𝑟0) =

32

7
𝑟0

𝑎,
16

7
 𝑟0.

𝑚2 ≪ 𝑀, 𝜇 ≈ 𝑚2.

𝑻𝟐 = 2𝜋√𝜇
𝑎3

𝐺𝑚𝑀
= 2𝜋√

𝑎3

𝐺𝑀
= 2𝜋

√(
16
7 )

3

𝑟0
3

𝐺𝑀
= 2𝜋

16

7
 
√
16
7  𝑟0 𝑟0

2

𝐺𝑀
= 2𝜋

16

7
⋅
4

√7
 𝑟0√

 𝑟0 

𝐺𝑀

= 𝟐𝝅
𝟔𝟒

𝟕√𝟕

𝒓𝟎
𝒗𝟎

 𝑚1
𝑚2.

𝑇2

𝑇1

𝑻𝟐
𝑻𝟏
=

 2𝜋
64

7√7

𝑟0
𝑣0

2𝜋
8

7√7

𝑟0
𝑣0

=
64

8
= 𝟖

𝑚1 𝑚2.

𝑚2 

 𝑚1
𝒓𝟏

 

𝑚𝑣1,+ +𝑚𝑣2,−
2𝑚𝑉

2𝑚𝑉 = 𝑚𝑣1,+ +𝑚𝑣2,−

𝑣1,+ =
1

2
𝑣0 𝑣2,− =

5

4
𝑣0 ➔ 2𝑉 =

1

2
𝑣0 +

5

4
𝑣0 =

7

4
 𝑣0 ➔ 𝑽 =

𝟕

𝟖
𝒗𝟎

𝐸𝑡𝑜𝑡 =  
1

2
(2𝑚)(

7

8
𝑣0)

2

−
𝐺𝑀(2𝑚)

𝑟0
=
49

64
𝑚𝑣0

2 − 2𝑚𝑣0
2 = −

79

64
𝑚𝑣0

2

−
79

64
𝑚𝑣0

2



 

 

F =
GMm

(2R)2
=
GMm

4 R2

 2R 

R B D

𝐿⃗ = 𝑚𝑟 ∧ 𝑣  

𝐿 = 𝑚𝑟𝑣) 

m(2R)v = mRv′  ⇒ v′ = 2v 

mv2

2
−
GMm

2R
=
mv′

2

2
−
GMm

R
=
m(2v)2

2
−
GMm

R
=
4mv2

2
−
GMm

R
= 2mv2 −

GMm

R

⇒ 3
v2

2
=
GM

2R
 ⇔ 𝐯 = √

𝐆𝐌

𝟑𝐑

2R,

F = ma =
mv0

2

2R
=
GMm

(2R)2
=
GMm

4R2
 ⇔ v0

2 =
GM

2R
⇔ v0 = √

GM

2R

v < v0

 v′ = 2v v = √
GM

3R

𝐯′ = 𝟐 √
𝐆𝐌

𝟑𝐑



 

B  C OB =
OC = R

• EcinA = 0

• EpotA = −
GMm

2R

• EtotA = −
GMm

2R

• EcinB =
mvb

2

2

• EpotB = −
GMm

R

• EtotB =
mvb

2

2
−
GMm

R

EtotA = EtotB  ⇔  −
GMm

2R
=
mvB

2

2
−
GMm

R
 ⇔ −

GM

2R
=
vB
2

2
−
GM

R
⇔ 𝐯𝐁 = √

𝐆𝐌

𝐑
= 𝐯𝐜

 r(t), 

r(t)

g = 0

r(t) r(t)

M(r(t)) = ρ ⋅
4

3
π|r(t)|3

M = ρ ⋅
4

3
πR3 .

M(r(t))

M
=
|r(t)|3

R3
  ⇔ M(r(t)) = M (

|r(t)|

R
)

3

   

r(t) r(t)

B O r(t) > 0) 

F = −
GM(r(t))m

r2(t)
  

F = −
GM(r(t)) m

r2(t)

 



F = −
GM m

R3
r(t)

F = ma = mr̈(t)

mr̈(t) = −
GM m

R3
r(t) ⇔ r̈(t) +

GM 

R3
r(t) = 0 

ẍ(t) + ω2x(t) = 0

ω2 =
GM

R3
ω = √

GM

R3

r(t) = A cos(ωt) + Bsin(ωt).

tB,

vB,

t = 0.

t0,

r(t) = A cosω(t − tB) + Bsinω(t − tB).

• r(t = tB) = R r(t = tB) = R = A cosω(0) + Bsin 0 ⇒ A = R

r(t) = R cosω(t − tB) + Bsinω(t − tB).

• ṙ(t = tB) = −vB

r(t) = R cosω(t − tB) + Bsinω(t − tB) 
⇒ ṙ(t) = −Rωsinω(t − tB) + Bω cos(t − tB) 
⇒ ṙ(t = tB) = −vB = Bω 1 

⇒  B = −
vB
ω

r(t) = R cosω(t − tB) −
vB
ω
sinω(t − tB)

vB

ω
=
√
GM

R

√
GM

R3

= R

 
r(t) = R [cosω(t − tB) − sinω(t − tB)] 

ΔtBC ΔtBO
r(t = tO) = 0 !

 
r(t = tO) = 0 = R [cosω(tO − tB) − sinω(tO − tB)] 

cosω(tO − tB) = sinω(tO − tB)



cos x = sin x  ⇔ x = 45° =
π

4

ω(tO − tB) =
π

4
ΔtBO =

π

4
⋅
1

ω
=
π

4
⋅
1

√
GM

R3

=
π

4
⋅ √

R3

GM

ΔtBC = 2 ΔtBO ,

ΔtBC =
π

2
⋅ √
R3

GM

 

• EcinA = 0

• EpotA = −
GMm

2R

• EtotA = −
GMm

2R

r(t) > R ∶

• Ecin(t) =
m

2
ṙ2(t)

• Epot(t) = −
GMm

r(t)

• Etot =
m

2
ṙ2(t) −

GMm

r(t)

−
GMm

2R
=
m

2
ṙ2(t) −

GMm

r(t)
 

⇔ (
dr

dt
)
2

= −
GM

R
+ 2

GM

r(t)
 

⇔
dt

dr
= ±

1

√2 GM (
1
r(t)

−
1
2R
)

 

⇔ dt = ±
dr

√2 GM (
1
r −

1
2R)

r r = 2R r = R.

ṙ(t)

ΔtAB = ∫
dr

√2 GM (
1
r −

1
2R)

2R

R

ΔtCD = ΔtAB

ΔtABCD = ΔtAB + ΔtBC + ΔtCD = 2ΔtAB + ΔtBC = 2ΔtAB +
π

2
⋅ √
R3

GM



  ΔtABCD = 2ΔtAB +
π

2
⋅ √

R3

GM

 

ΔtAB = ∫
dr

√2 GM (
1
r −

1
2R)

2R

R

𝑟 =  2𝑅 sin2 𝑢

𝑑𝑟 = 2𝑅2 sin 𝑢 cos 𝑢 𝑑𝑢 = 4𝑅 sin 𝑢 cos 𝑢 𝑑𝑢

• 𝑟 = 𝑅 ;   𝑅 =  2𝑅 sin2 𝑢  ⇔ sin2 𝑢 =
1

2
 ⇔ sin 𝑢 =

1

√2
⇔ 𝑢 =

𝜋

4
  

• 𝑟 = 2𝑅 ;   2𝑅 =  2𝑅 sin2 𝑢  ⇔ sin2 𝑢 = 1 ⇔ sin 𝑢 = 1 ⇔ 𝑢 =
𝜋

2
 

√2 GM (
1

r
−
1

2R
) = √2 GM (

1

2𝑅 sin2 𝑢
−
1

2R
) = √2 GM (

1

2𝑅 sin2 𝑢
−

sin2 𝑢

2R sin2 𝑢
) = 

√2 GM (
cos 2 𝑢

2R sin2 𝑢
) = √

GM

R
 (
cos 2 𝑢

sin2 𝑢
) =   

cos u

sin  u
√
GM

R
  

⟹  ΔtAB = ∫
dr

√2 GM (
1
r −

1
2R)

2R

R

= ∫
4𝑅 sin 𝑢 cos 𝑢 𝑑𝑢

cos u
sin  u

√GM
R  

π
2

π
4

= 4√
R3

GM
∫ sin2 𝑢

π
2

π
4

du  

sin2 u = 1 − cos2 u cos 2u = cos2 u − sin2 u  ⇒  cos2 u = cos 2u + sin2 u

sin2 u = 1 − (cos 2u + sin2 u) =  1 − cos 2u − sin2 u

2 sin2 u = 1 − cos 2u  ⇒ 𝐬𝐢𝐧𝟐 𝐮 =
𝟏

𝟐
(𝟏 − 𝐜𝐨𝐬 𝟐𝐮)

∫ sin2 𝑢

π
2

π
4

du =
1

2
∫ 1 − cos 2u

π
2

π
4

du =
1

2
 [u]π

4

π
2

⬚

−
1

2
⋅
1

2
[sin 2u]π

4

π
2 =

π

8
+
1

4
 

⇒  ΔtAB = 4√
R3

GM
∫ sin2 𝑢

π
2

π
4

du = 4√
R3

GM
 (
π

8
+
1

4
 ) = √

R3

GM
 (
π

2
+ 1 )

𝚫𝐭𝐀𝐁𝐂𝐃 = 2ΔtAB + ΔtBC = 2 √
R3

GM
 (
π

2
+ 1 ) +

π

2
⋅ √
R3

GM
= √

𝐑𝟑

𝐆𝐌
 (
𝟑𝛑

𝟐
+ 𝟐) 



 

 𝑚1

𝐸𝑡𝑜𝑡 < 0 𝐸𝑡𝑜𝑡 = 0 

𝐸_𝑡𝑜𝑡 > 0 

𝑚2 𝐄𝐓𝐎𝐓 = ECin + EPot

 ⟹  𝐄𝐓𝐎𝐓 =
m1v1

2

2
−
GMm1
r0

= 0 ⇔ v1
2 =

2GM

r0
⇔ v1 = √

2GM

r0

 𝑚2

𝐹 = 𝑚2𝑎 =
𝑚𝑣2

2

𝑟0

𝐹 =
𝐺𝑀𝑚2

𝑟0
2 .

𝐹 =
𝑚𝑣2

2

𝑟0
= 𝐺

𝑀𝑚2

𝑟0
2  ⇒ 𝑣2

2 =
𝐺𝑀

𝑟0
 ⇒ 𝑣2 = √

𝐺𝑀

𝑟0
 

 

𝑣2 =
𝑥

𝑡
=
𝑀𝐶𝑈 2𝜋𝑟0

𝑇2
 ⇒ 𝑇2 =

2𝜋𝑟0
𝑣2

= 
2𝜋𝑟0

√
𝐺𝑀
𝑟0

= 2𝜋𝑟0 √
𝑟0
𝐺𝑀

= 𝟐𝝅√
𝒓𝟎
𝟑

𝑮𝑴

 𝑚1 = 𝑚 𝑚2 = 𝑚√2

𝑉,

(𝑚1 +𝑚2)𝑉 = 𝑚1𝑣1 −𝑚2𝑣2  ⇔ (𝑚 +𝑚√2)𝑉 = 𝑚(√
2GM

r0
) −m√2(√

𝐺𝑀

𝑟0
 ) = 0 

⇒ 𝑽 = 𝟎

 



𝐸𝑡𝑜𝑡𝑎𝑝𝑟è𝑠 − 𝐸𝑡𝑜𝑡𝑎𝑣𝑎𝑛𝑡 = 𝐸𝑐𝑖𝑛𝑎𝑝𝑟è𝑠 − 𝐸𝑐𝑖𝑛𝑎𝑣𝑎𝑛𝑡

=
(𝑚 +𝑚√2)𝑉2

2
− (

𝑚

2
(√
2GM

r0
)

2

+
√2m

2
(√
𝐺𝑀

𝑟0
 )

2

) 

                          =
V=0
− (1 +

1

√2
)
GM

r0
  

 

(m1 +m2)

Epcollision = −GM ⋅
(m1+m2)

r0
(𝑚1+𝑚2)𝑉

2

2

𝐄𝐓𝐎𝐓 = ECin + EPot =
(𝑚1 +𝑚2) 𝑉

2

2
− GM ⋅

(m1 +m2)

r0
V0,

• Ecinsol =
(m1+m2)V0

2

2

• Epotsol = −(m1 +m2)
gGM

R

• 𝐄𝐓𝐎𝐓 = ECinsol + EPotsol =
(m1+m2)V0

2

2
− (m1 +m2)

GM

R

(𝑚1 +𝑚2) 𝑉
2

2
− GM ⋅

(m1 +m2)

r0
=
(m1 +m2)V0

2

2
− (m1 +m2)

GM

R
 

V=0
⇔  −

GM

r0
=
V0
2

2
−
GM

R
 

⇒ 𝐕𝟎 = √
𝟐𝐆𝐌

𝐑
 (𝟏 −

𝐑

𝐫𝟎
)  

 

−
(m1+m2)GM

r0
Etot = −

(m1+m2)GM

r0

• Ecin(t) =
(m1+m2) v

2(t)

2
=
(m1+m2)

2
(
dr

dt
)
2

• Epot(t) = −(m1 +m2)
GM

r(t)



Etot = Ecin(t) + Epot(t) ⇔  
(m1 +m2)

2
(
dr

dt
)
2

− (m1 +m2)
GM

r(t)
= −

(m1 +m2)GM

r0

⇔ (
dr

dt
)
2

= 2
GM

r(t)
− 2

GM

r0
= 2GM(

1

r(t)
−
1

r0
)

t r(t)
dr

dt
√⬚

   ⇔
dr

dt
= − √2GM(

1

r
−
1

r0
)  ⇔ dt = −

dr

√2GM(
1
r −

1
r0
)

 

Δt = ∫ dt = −∫
dr

√2GM(
1
r
−
1
r0
)

R

r0

t

0

= −
1

√2GM
∫

dr

√(
1
r
−
1
r0
)

R

r0

r = r0 cos
2 x

dr = −2r0 cos(x) sin(x) dx

• r = r0 ;   r0 = r0 cos
2(x)  ⇒ x = arccos(1) = 0

• r = R ;   R = r0 cos
2(x)  ⇒ x = arccos√

R

r0

⇒ −
1

√2GM
∫

dr

√(
1
r −

1
r0
)

R

r0

=
2 r0

√2GM
∫  

cos(x) sin(x) dx

√(
1

r0 cos2 x
−
1
r0
)

arccos√
R
r0

0

 

=
2 r0

√2GM
∫  

cos(x) sin(x) dx

√(
1

r0 cos2 x
−
cos2 x
r0 cos2 x

)

arccos√
R
r0

0

=
2 r0

√2GM
∫  

cos(x) sin(x) dx

√(
1 − cos2 x
r0 cos2 x

)

arccos√
R
r0

0

=
2 r0 ⋅ √r0

√2GM
∫  

cos(x) sin(x) dx

√(
sin2(x)
cos2 x

)

arccos√
R
r0

0

=
2 r0 ⋅ √r0

√2GM
∫  

cos(x) sin(x) dx

sin(x)
cos(x)

  

arccos√
R
r0

0

=
2 r0 ⋅ √r0

√2GM
∫  cos2(x) dx
arccos√

R
r0

0

cos(2x) = cos2(x) − sin2(x) = cos2(x) − (1 − cos2(x)) = 2 cos2(x) − 1 

⇒ cos2 x =
1

2
+
1

2
cos(2x)



2 r0 ⋅ √r0

√2GM
∫  cos2(x) dx
arccos√

R
r0

0

=
2 r0 ⋅ √r0

√2GM
∫  

1

2
+
1

2
cos(2x)  dx

arccos√
R
r0

0

=
2 r0 ⋅ √r0

√2GM
 [[
1

2
x]
0

arccos√
R
r0
+
1

2
⋅
1

2
[sin 2x ]0

arccos√
R
r0]

=
2 √r0

3

√2GM
 [
1

2
arccos√

R

r0
+
1

4
sin 2 (arccos√

R

r0
) ]

=
 √r0

3

√2GM
 [arccos√

R

r0
+
1

2
sin 2 (arccos√

R

r0
) ]

⟹ 𝚫𝐭 =

√𝐫𝟎
𝟑

√𝟐GM
 [𝐚𝐫𝐜𝐜𝐨𝐬√

𝐑

𝐫𝟎
+
𝟏

𝟐
𝐬𝐢𝐧𝟐 (𝐚𝐫𝐜𝐜𝐨𝐬√

𝐑

𝐫𝟎
) ]  

r0 = R Δt = 0 

• sin 2𝑥 = 2 sin 𝑥 cos 𝑥  

• sin(𝑎𝑟𝑐𝑜𝑠 𝑥) = √1 − 𝑥2

 sin 2 (arccos√
R

r0
) = 2 sin ( arccos√

R

r0
) cos (arccos√

R

r0
)=2 √

R

r0
  √1 −

R

r0

𝚫𝐭 =

√𝐫𝟎
𝟑

√𝟐𝐆𝐌
 [𝐚𝐫𝐜𝐜𝐨𝐬√

𝐑

𝐫𝟎
+√

𝐑

𝐫𝟎
  √𝟏 −

𝐑

𝐫𝟎
]

 

𝑭⃗⃗ =
𝐺𝑀𝑚0

𝑟2
 𝒓⃗ 

𝑚0



(𝑥, 𝑦) 𝑑𝑥 ⋅ 𝑑𝑦 

𝜌 =
𝑀

𝑉
𝑑𝑚 = 𝜌 𝑑𝑉 = 𝜌 ⋅ 𝜏 ⋅ 𝑑𝑥 ⋅ 𝑑𝑦

𝑚0 (𝑥, 𝑦) √ 𝑥2 + 𝑦2 + 𝑧0
2

𝑑𝐹

𝑑𝑭⃗⃗ =
𝐺 𝑑𝑚 ⋅ 𝑚0

𝑥2 + 𝑦2 + 𝑧0
2 𝒓⃗ =

𝐺 𝜌 ⋅ 𝜏 ⋅ 𝑑𝑥 ⋅ 𝑑𝑦 ⋅ 𝑚0

𝑥2 + 𝑦2 + 𝑧0
2  𝒓⃗ 

𝑑𝑚, 

𝑑𝑚 (0,0)

𝒙 𝒚

𝒛 𝑑𝐹𝑧 = 𝑑𝐹 ⋅ 𝑐𝑜𝑠𝜃

𝑑𝐹𝑧 = 𝑑𝐹 ⋅ 𝑐𝑜𝑠𝜃 = 𝑑𝐹 ⋅ (
𝑧0
𝑟
) =

𝐺 𝜌 ⋅ 𝜏 ⋅ 𝑑𝑥 ⋅ 𝑑𝑦 ⋅ 𝑚0

𝑥2 + 𝑦2 + 𝑧0
2 ⋅ (

𝑧0

√ 𝑥2 + 𝑦2 + 𝑧0
2
)

𝐹 = 𝐹𝑧 = 𝐺 𝜌 ⋅ 𝜏 ⋅ 𝑚0 ⋅ 𝑧0∬
𝑑𝑥 ⋅ 𝑑𝑦

(𝑥2 + 𝑦2 + 𝑧0
2)
3
2  

 

𝐹 = 𝐺 𝜌 ⋅ 𝜏 ⋅ 𝑚0 ⋅ 𝑧0∬
𝑑𝑥 ⋅ 𝑑𝑦

(𝑥2 + 𝑦2 + 𝑧0
2)
3
2  

𝑑𝑥 ⋅ 𝑑𝑦, 𝑑𝑟 ⋅ 𝑟 𝑑𝜃

𝑚0 √ 𝑥2 + 𝑦2 + 𝑧0
2

𝑟2 + 𝑧0
2. 𝑟′ 𝑚0

𝑑𝑚 (0,0) 𝑑𝑚.

𝑟 0 𝑅 𝜃 0 2𝜋



𝐹 = 𝐺 𝜌 ⋅ 𝜏 ⋅ 𝑚0 ⋅ 𝑧0∬
𝑑𝑥 ⋅ 𝑑𝑦

(𝑥2 + 𝑦2 + 𝑧0
2)
3
2  
= 𝐺 𝜌 ⋅ 𝜏 ⋅ 𝑚0 ⋅ 𝑧0∫ ∫

𝑟 ⋅ 𝑑𝑟 ⋅ 𝑑𝜃

(𝑟2 + 𝑧0
2)
3
2  

𝑅

0

2𝜋

0

 

= 𝐺 𝜌 ⋅ 𝜏 ⋅ 𝑚0 ⋅ 𝑧0∫ 𝑑𝜃  ∫
𝑟 ⋅ 𝑑𝑟

(𝑟2 + 𝑧0
2)
3
2 

𝑅

0

= 𝐺 𝜌 ⋅ 𝜏 ⋅ 𝑚0 ⋅ 𝑧0 ⋅ 2𝜋 ∫
𝑟 ⋅ 𝑑𝑟

(𝑟2 + 𝑧0
2)
3
2 

𝑅

0

 

2𝜋

0

𝑢 = 𝑟2 + 𝑧0
2  ⇒ 𝑑𝑢 = 𝑑(𝑟2) = 2𝑟 ⋅ 𝑑𝑟 ⇒ 𝑟 ⋅ 𝑑𝑟 =

𝑑𝑢

2
𝑟 = 0 ⇒ 𝑢 = 𝑧0

2 𝑟 = 𝑅 ⇒ 𝑢 = 𝑅2 + 𝑧0
2 

𝑧0
2 𝑅2 + 𝑧0

2.

∫
𝑟 ⋅ 𝑑𝑟

(𝑟2 + 𝑧0
2)
3
2 

𝑅

0

= ∫
𝑑𝑢

2 (𝑢)
3
2 
=
1

2
⋅ −2 [𝑢−

1
2]
𝑧0
2

𝑅2+𝑧0
2

= − [
1

√𝑅2 + 𝑧0
2
−
1

𝑧0
]

𝑅2+𝑧0
2

𝑧0
2

= [
1

𝑧0
−

1

√𝑅2 + 𝑧0
2
]

𝑭 = 𝐺 𝜌 ⋅ 𝜏 ⋅ 𝑚0 ⋅ 𝑧0 ⋅ 2𝜋 ∫
𝑟 ⋅ 𝑑𝑟

(𝑟2 + 𝑧0
2)
3
2 

𝑅

0

= 𝑮 𝝆 ⋅ 𝝉 ⋅ 𝒎𝟎 ⋅ 𝒛𝟎 ⋅ 𝟐𝝅 

(

 
𝟏

𝒛𝟎
−

𝟏

√𝑹𝟐 + 𝒛𝟎
𝟐

)

 

𝑅 ≫ 𝑧0,
1

√𝑅2+𝑧0
2
≈
1

𝑅
(
1

𝑧0
−

1

√𝑅2+𝑧0
2
) ≈

1

𝑧0

𝑹 ≫ 𝒛𝟎,
 

𝑭 ≈ 𝐺 𝜌 ⋅ 𝜏 ⋅ 𝑚0 ⋅ 𝑧0 ⋅ 2𝜋 (
1

𝑧0
) = 𝑮 𝝆 ⋅ 𝝉 ⋅ 𝒎𝟎 ⋅ 𝟐𝝅 

 

 𝐹 = −
𝐺𝑀𝑚

𝑟2
𝐹 = 𝑚𝑎 = 𝑚

𝑑𝑣

𝑑𝑡
= 𝑚

𝑑𝑣

𝑑𝑟
⋅
𝑑𝑟

𝑑𝑡
= 𝑚𝑣

𝑑𝑣

𝑑𝑟

−
𝐺𝑀𝑚

𝑟2
= 𝑚𝑣

𝑑𝑣

𝑑𝑟
 ⇔  −

𝐺𝑀

𝑟2
= 𝑣

𝑑𝑣

𝑑𝑟

−
𝐺𝑀

𝑟2
𝑑𝑟 = 𝑣 𝑑𝑣



𝑣 𝑟 = 𝑅 𝑣𝑓 𝑟

∫ 𝑣 𝑑𝑣 =  ∫−
𝐺𝑀

𝑟2
𝑑𝑟 ⇔

1

2
 (𝑣𝑓

2 − 𝑣2) = −𝐺𝑀 [−
1

𝑟
]
𝑅

𝑟

= 𝐺𝑀(
1

𝑟
−
1

𝑅
)

𝑟

𝑅

  

𝑣𝑓

𝑣

𝑟, 𝑟

𝑣𝑓

−
1

2
𝑣2 = 𝐺𝑀(

1

𝑟
−
1

𝑅
)   ⇔ 𝒗 = √ 𝟐 𝑮𝑴 (

𝟏

𝑹
−
𝟏

𝒓
)

 

𝑟 = ∞. 𝑟 = ∞ 
1

𝑟
= 0

𝒗 = √ 
𝟐 𝑮𝑴

𝑹
 

 

 𝐹 = −
𝐺𝑀𝑚

𝑟2
𝐹 = 𝑚𝑎 = 𝑚

𝑑𝑣

𝑑𝑡
= 𝑚

𝑑𝑣

𝑑𝑟
⋅
𝑑𝑟

𝑑𝑡
= 𝑚𝑣

𝑑𝑣

𝑑𝑟

−
𝐺𝑀𝑚

𝑟2
= 𝑚𝑣

𝑑𝑣

𝑑𝑟
 ⇔  −

𝐺𝑀

𝑟2
= 𝑣

𝑑𝑣

𝑑𝑟

−
𝐺𝑀

𝑟2
𝑑𝑟 = 𝑣 𝑑𝑣

𝑣0 = 0 𝑟 = 𝑟0 𝑣 𝑟

∫𝑣 𝑑𝑣 =  ∫−
𝐺𝑀

𝑟2
𝑑𝑟 ⇔

1

2
 𝑣2 = −𝐺𝑀 [−

1

𝑟
]
𝑟0

𝑟

= 𝐺𝑀 (
1

𝑟
−
1

𝑟0
)

𝑟

𝑟0

  

𝑣

0

⇒ 𝒗(𝒓) = √𝟐𝑮𝑴(
𝟏

𝒓
−
𝟏

𝒓𝟎
)

 𝑟0
1

𝑟0
 𝑣(𝑅𝑇) = √

2𝐺𝑀

𝑅𝑇

𝑔0 =
𝐺𝑀

𝑅𝑇
2  ⇒ 𝐺𝑀 = 𝑔0𝑅𝑇

2

𝒗(𝑹𝑻) = √
2𝐺𝑀

𝑅𝑇
= √

2𝑔0𝑅𝑇
2

𝑅𝑇
= √𝟐𝒈𝟎𝑹𝑻



 

𝐹 = −
𝐺𝑀𝑚

𝑟2

𝑑𝐹 𝑑𝑥

𝑑𝐹 = 𝐺
𝑀 𝑑𝑚

𝑥2

𝜌 =
𝑚

𝐿
𝜌 =

𝑑𝑚

𝑑𝑥
 ⇒ 𝑑𝑚 = 𝜌 𝑑𝑥 =

𝑚

𝐿
𝑑𝑥

𝑑𝐹 = 𝐺
𝑀 𝑑𝑚

𝑥2
= 𝐺

𝑀 𝑚 𝑑𝑥

𝐿 𝑥2

𝑥0 𝑥0 + 𝐿 :

𝑭 = ∫𝑑𝐹 = ∫ 𝐺
𝑀 𝑚 𝑑𝑥

𝐿 𝑥2
=
𝐺𝑀𝑚

𝐿
 

𝑥0+𝐿

𝑥0

 ∫
 𝑑𝑥

 𝑥2
 

𝑥0+𝐿

𝑥0

=
𝐺𝑀𝑚

𝐿
 [−
1

𝑥
]
𝑥0

𝑥0+𝐿

=
𝐺𝑀𝑚

𝐿
(
1

𝑥0
−

1

𝑥0 + 𝐿
)

=
𝑮𝑴𝒎

𝒙𝟎 (𝒙𝟎 + 𝑳)

• 

𝑭 =
𝑮𝑴𝒎

(𝒙𝟎 +
𝑳
𝟐)
𝟐

• 𝑥0 ≫ 𝐿,
 

𝑭 =
𝑮𝑴𝒎

𝒙𝟎𝟐

𝑚 𝑥0.

 



𝑔

𝑔𝑇 =
𝐺𝑀𝑇

𝑅𝑇
2 𝑔 𝑔𝑇(𝑟) =

𝐺𝑀𝑇

𝑟2

𝑔 𝑟 = 𝑅𝑇 + ℎ ℎ

𝑔𝑇(𝑟) =
𝐺𝑀𝑇
𝑟2

 ⇒
𝑑

𝑑𝑟
𝑔𝑇(𝑟) =

𝑑

𝑑𝑟
 (
𝐺𝑀𝑇
𝑟2
 ) = −2

𝐺𝑀𝑇
𝑟3
 

𝑟 = 𝑅𝑇
𝑑

𝑑𝑟
𝑔𝑇(𝑟) = −2

𝐺𝑀𝑇

𝑅𝑇
3 = −

6,672 59 × 10−11 ⋅  5,975 × 1024 

(6,371 23 × 106 )3
= −3,08 × 10−6  (

𝑚

𝑠2
) /𝑚  

 

𝑑𝑚 :

𝑑𝐹 = 𝐺
𝑀𝑑𝑚

𝑟2
= 𝐺

𝑀 𝑑𝑚

𝑅2 + 𝑥0
2

𝑑𝑚

𝑦 𝑧

𝑥.

𝑑𝐹𝑥 = 𝑑𝐹 cos(𝜃) = 𝑑𝐹 (
𝑥0
𝑟
) = 𝐺

𝑀 𝑑𝑚

𝑅2 + 𝑥0
2  (
𝑥0
𝑟
) = 𝐺

𝑀 𝑑𝑚

𝑅2 + 𝑥0
2  (

𝑥0

√𝑅2 + 𝑥0
2 
)

= 𝐺
𝑀 𝑑𝑚 𝑥0

(𝑅2 + 𝑥0
2)
3
2

⇒ 𝑭 = ∫𝑑𝐹𝑥 = ∫𝐺
𝑀 𝑑𝑚 𝑥0

(𝑅2 + 𝑥0
2)
3
2

=  𝐺
𝑀 𝑥0

(𝑅2 + 𝑥0
2)
3
2

 ∫𝑑𝑚 = 𝑮
𝑴 𝒎 𝒙𝟎

(𝑹𝟐 + 𝒙𝟎
𝟐)
𝟑
𝟐

 



𝑭 = 𝐺
𝑀 𝑚 𝑥0

(𝑥0
2)
3
2

= 𝐺
𝑀 𝑚 𝑥0

𝑥0
3 = 𝐺

𝑀 𝑚 

𝑥0
2

𝑥0 ≫ 𝑅,

𝐹 = 𝐺
𝑀 𝑚 𝑥0

(𝑅2 + 𝑥0
2)
3
2

≈
𝑥0≫𝑅

𝐺
𝑀 𝑚 𝑥0

(𝑥0
2)
3
2

= 𝐺
𝑀 𝑚 𝑥0

𝑥0
3 = 𝐺

𝑀 𝑚 

𝑥0
2  

𝑟 ≈ 𝑥0 𝑅 ≈  0

 

 

𝒎

𝑚

𝐹𝑚 =
𝐺𝑀′𝑚

𝑟2

𝜌 =
𝑀

𝑉
=

𝑀
4

3
𝜋𝑅3

=
𝑀′

4

3
𝜋𝑟3
 ⇒

𝑀

𝑅3
=
𝑀′

𝑟3
 ⇒ 𝑀′ = 𝑀(

𝑟

𝑅
)
3

𝑭𝒎 =
𝐺𝑀′𝑚

𝑟2
=
𝐺𝑚 

𝑟2
𝑀(
𝑟

𝑅
)
3

=
𝐺𝑚 𝑀 𝑟3 

𝑟2 𝑅3
=
𝑮𝒎 𝑴 𝒓 

 𝑹𝟑
 

 

𝐹 (𝑟 =
𝑅

2
) =

𝐺𝑚 𝑀 (
𝑅
2) 

 𝑅3
=
𝐺𝑀𝑚

2𝑅2

𝑔 (
𝑅

2
) =

𝐹(
𝑅

2
)

𝑚
=
𝐺𝑀

2 𝑟2

 



𝐹𝐺𝐻
𝐹𝐺𝐵

𝑋 𝑌, (𝑭𝐺𝐻)𝑦 (𝑭𝐺𝐻)𝑦

(𝑭𝐺𝐻)𝑥 = 𝐹𝐺𝐻 𝑐𝑜𝑠𝜃 = −
𝐺𝑀𝑚

𝑟2
cos 𝜃 = −

𝐺𝑀𝑚

𝑟1
2+𝑟2

2 cos 𝜃 = − 
𝐺𝑀𝑚

𝑟1
2+𝑟2

2

𝑟1

√𝑟1
2+𝑟2

2

(𝑭𝐺𝐵)𝑥 = − 
𝐺𝑀𝑚

𝑟1
2+𝑟2

2

𝑟1

√𝑟1
2+𝑟2

2

𝑚

𝐹𝑔 = −2 
𝐺𝑀𝑚 𝑟1

(𝑟1
2 + 𝑟2

2)
3
2

⇒ 𝐹𝑔 = −2 
𝐺𝑀𝑚 𝑟1

(𝑟1
2 + 𝑟2

2)
3
2

= −2 ⋅
6,67 × 10−11  ⋅ 2 ⋅ 10 × 10−3 ⋅ 0,25

√(0,252 + 0,502)3
= −3,8 × 10−12 𝑁

 

𝑔𝑛 =
𝐺𝑀𝑛
𝑅2

𝜌 =
𝑀

𝑉
 ⇒ 𝑀 = 𝜌 𝑉 = 𝜌

4

3
𝜋𝑅3. 

𝑔𝑛 =
𝐺𝑀𝑛

𝑅2
=
𝐺𝜌
4

3
𝜋𝑅3

𝑅2
=
4

3
𝜋𝐺 𝜌 𝑅

𝐹𝑐 = 𝑚𝑎 = 𝑚
𝑣2

𝑅

𝑣2

𝑅
.



⇒
𝑣2

𝑅
=
4

3
𝜋𝐺 𝜌 𝑅

𝑣 =
𝑥

𝑡
=
2𝜋𝑅

𝜏
. 

𝑣2

𝑅
=
4

3
𝜋𝐺 𝜌 𝑅 ⇔

(
2𝜋𝑅
𝜏 )

2

𝑅
=
4

3
𝜋𝐺 𝜌 𝑅 ⇔

4 𝜋2𝑅2

𝑅 𝜏2
=
4

3
𝜋𝐺 𝜌 𝑅 ⇔

 𝜋

 𝜏2
=
𝐺 𝜌

3
  

⇒ 𝝉 = √
𝟑𝝅

𝑮𝝆
 

𝜏 = √
3𝜋

𝐺𝜌
= √

3𝜋

6,67×10−11⋅1017
= 1 × 10−3 𝑠 = 1𝑚𝑠

1017 𝑘𝑔/𝑚3

 

𝑚 𝐹𝑔 = 𝑚𝑔𝑇

𝑔𝑇(ℎ) =
𝐺𝑀𝑇

(𝑅𝑇+ℎ)2
𝑔0 =

𝐺𝑀𝑇

(𝑅𝑇)2
 

𝐹𝑔 = 𝑚𝑔𝑇 =
𝐺𝑀𝑇𝑚

(𝑅𝑇 + ℎ)2
=

𝐺𝑀𝑇𝑚

(𝑅𝑇(1 +
ℎ
𝑅𝑇
))
2 =

𝐺𝑀𝑇𝑚

𝑅𝑇
2 (1 +

ℎ
𝑅𝑇
)
2 =

𝑔0𝑚

(1 +
ℎ
𝑅𝑇
)
2

𝐹𝑔

𝑚
=

𝑔0

(1 +
ℎ
𝑅𝑇
)
2 =

9,81

(1 +
ℎ

(6370000
)
2  𝑚/𝑠

2

ℎ ≪ 𝑅𝑇 , ℎ/𝑅𝑇

1

(1 +
ℎ
𝑅𝑇
)
2

ℎ

𝑅𝑇
= 𝑥.

1

(1+𝑥)2

𝑓(𝑥)



𝒇(𝒙) = 𝒇(𝟎) + 𝒇′𝟎) 𝒙 (+
𝑓′′(0)

2
𝑥2 +⋯)

• 𝑓(𝑥) = (1 + 𝑥)−2  ⇒ 𝑓(0) = 1
• 𝑓′(𝑥) = −2(1 + 𝑥)−3  ⇒ 𝑓′(0) = −2

𝑓(𝑥) ≈ 1 − 2𝑥
ℎ

𝑅𝑇
= 𝑥,

1

(1+𝑥)2
≈ 1 − 2

ℎ

𝑅𝑇
𝐹𝑔

𝑚
=

𝑔0

(1+
ℎ

𝑅𝑇
)
2 ≈
𝒉≪𝑹𝑻

 𝒈𝟎 (𝟏 − 𝟐
𝒉

𝑹𝑻
)

 

 𝑔𝑇(ℎ) =
𝐺𝑀𝑇

(𝑅𝑇+ℎ)2
𝑔0 =

𝐺𝑀𝑇

(𝑅𝑇)2
 

𝑔𝑇 =
𝐺𝑀𝑇

(𝑅𝑇 + ℎ)2
=

𝐺𝑀𝑇

(𝑅𝑇(1 +
ℎ
𝑅𝑇
))
2 =

𝐺𝑀𝑇

𝑅𝑇
2 (1 +

ℎ
𝑅𝑇
)
2 =

𝐺𝑀𝑇

𝑅𝑇
2 (1 +

ℎ

𝑅𝑇
)
−2

(𝑎 + 𝑥)𝑛 = 𝑎𝑛 + 𝑛 𝑎𝑛−1𝑥 +
1

2
𝑛(𝑛 − 1)𝑎𝑛−2 𝑥2 +⋯

𝑥2 < 𝑎2 𝑎 = 1 𝑥 =
ℎ

𝑅
 𝑛 = −2

𝑔𝑇 =
𝐺𝑀𝑇

𝑅𝑇
2 (1 +

ℎ

𝑅𝑇
)
−2

=
𝐺𝑀𝑇

𝑅𝑇
2 [1 −

2(1)ℎ

𝑅
+
1

2
(−2)(−3)(1) (

ℎ

𝑅𝑇
)
2

+⋯] 

≈ 
𝐺𝑀𝑇

𝑅𝑇
2 [1 −

2ℎ

𝑅
+⋯ ] 

ℎ = 0, 𝑔𝑇 =
𝐺𝑀𝑇

𝑅𝑇
2 = 𝑔0

 

𝑔0 =
𝐺𝑀𝑇

𝑅𝑇
2 𝑔𝑇 =

𝐺𝑀𝑇

(𝑅𝑡+ℎ)2
=
6,67×10−11⋅5,975×1024

(6,37123×106+10000)2
= 9,791 𝑚/𝑠2



𝑔𝑇 ≈ 
𝐺𝑀𝑇

𝑅𝑇
2 [1 −

2ℎ

𝑅
+⋯ ] =

6,67 × 10−11 ⋅ 5,975 × 1024

(6,37123 × 106)2
[1 −

20000

6,37123 × 106
+⋯]          

= 9,513 𝑚/𝑠2

3%

 

𝑔𝑙 ≈ 
𝐺𝑀𝑙

𝑅𝑙
2 [1 −

2ℎ

𝑅𝑙
+⋯] =

6,67 × 10−11 ⋅  7,35 × 1022

(1,74 × 106)2
[1 −

2 ⋅ 100

1,74 × 106
]

= 1,61906 𝑚/𝑠2         

𝑔𝑙 =
𝐺𝑀𝑙

𝑅𝑙
2 =

6,67 × 10−11 ⋅ 7,35 × 1022

(1,74 × 106)2
= 1,61925 𝑚/𝑠2

1,61925−1,61906 

1,61925
≈ 0,01%  

 

𝑟 𝑟 + 𝑑𝑟.

𝑑𝑟. 

𝐾𝑟 2𝜋𝑟 .

𝑑𝑉 = 2𝜋𝑟 ⋅ 𝐾𝑟 ⋅ 𝑑𝑟 = 2 𝜋𝐾 𝑟2 𝑑𝑟

𝜌 = 𝑀/𝑉 𝑑𝑚

𝑑𝑚 = 𝜌 𝑑𝑉 = 𝜌 2 𝜋𝐾 𝑟2 𝑑𝑟

𝑭⃗⃗ 𝑋

𝑑𝐹𝑥 = 𝑑𝐹 cos 𝜃 = 𝑑𝐹
𝑥0

(𝑥0
2 + 𝑟2)

1
2

  =
𝐺𝑀 𝑑𝑚

𝑥0
2 + 𝑟2

 
𝑥0

(𝑥0
2 + 𝑟2)

1
2

=
𝐺𝑀 𝑥0 (𝜌 2 𝜋𝐾 𝑟

2 𝑑𝑟)

( 𝑥0
2 + 𝑟2)

3
2

⇒ 𝐹 = ∫𝑑𝐹𝑥 = ∫
𝐺𝑀 𝑥0 𝜌 2 𝜋𝐾 𝑟

2 𝑑𝑟

( 𝑥0
2 + 𝑟2)

3
2

= 2 𝐺𝑀 𝑥0 𝜌 𝜋𝐾

𝑅

0

 ∫
 𝑟2 𝑑𝑟

( 𝑥0
2 + 𝑟2)

3
2

𝑅

0

𝜃



∫
 𝑟2 𝑑𝑟

( 𝑥0
2+𝑟2)

3
2

𝑅

0

       

𝑟

𝑥0
= 𝑡𝑎𝑛(𝜃)  ⇒

𝑟 = 𝑥0 𝑡𝑎𝑛(𝜃)  ⇒ 𝑑𝑟 = 𝑥0  
(𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜃)

𝑐𝑜𝑠2 𝜃
 𝑑𝜃 = 𝑥0

1

𝑐𝑜𝑠2 𝜃
𝑑𝜃 = 𝑥0 𝑠𝑒𝑐

2 𝑑𝜃

∫
 𝑟2 𝑑𝑟

( 𝑥0
2 + 𝑟2)

3
2

𝑅

0

= ∫
𝑥0
2 𝑡𝑎𝑛2(𝜃) 𝑥0 𝑠𝑒𝑐

2 𝑑𝜃

( 𝑥0
2 + 𝑥0

2 𝑡𝑎𝑛2(𝜃))
3
2

𝑅

0

𝑥0
2 + 𝑥0

2 𝑡𝑎𝑛2 𝜃 = 𝑥0
2 (1 +

𝑠𝑖𝑛2 𝜃

𝑐𝑜𝑠2 𝜃
) = 𝑥0

2 (
1

𝑐𝑜𝑠2 𝜃
) = 𝑥0

2 𝑠𝑒𝑐2 𝜃 

⇒  ∫
𝑥0
2 𝑡𝑎𝑛2(𝜃) 𝑥0 𝑠𝑒𝑐

2 𝑑𝜃

( 𝑥0
2 + 𝑥0

2 𝑡𝑎𝑛2(𝜃))
3
2

𝑅

0

= ∫
𝑥0
2 𝑡𝑎𝑛2(𝜃) 𝑥0 𝑠𝑒𝑐

2𝜃 𝑑𝜃

( 𝑥0
2 𝑠𝑒𝑐2 𝜃)

3
2

𝑅

0

= ∫
𝑥0
3 𝑡𝑎𝑛2(𝜃) 𝑠𝑒𝑐2𝜃 𝑑𝜃

𝑥0
3 𝑠𝑒𝑐3 𝜃

= ∫
𝑡𝑎𝑛2(𝜃) 𝑑𝜃

𝑠𝑒𝑐 𝜃
=

𝑅

0

𝑅

0

∫
𝑠𝑖𝑛2(𝜃) cos 𝜃 𝑑𝜃

𝑐𝑜𝑠2 𝜃

𝑅

0

= ∫
𝑠𝑖𝑛2(𝜃)𝑑𝜃

𝑐𝑜𝑠 𝜃
=

𝑅

0

∫
1 − 𝑐𝑜𝑠2(𝜃)𝑑𝜃

𝑐𝑜𝑠 𝜃
= ∫

1

𝑐𝑜𝑠 𝜃
𝑑𝜃 − ∫ 𝑐𝑜𝑠 𝜃 𝑑𝜃

𝑅

0

𝑅

0

𝑅

0

∫
1

𝑐𝑜𝑠 𝜃
𝑑𝜃

𝑅

0

= ∫ sec 𝜃 𝑑𝜃

𝑅

0

= ∫ sec 𝜃 

𝑅

0

(sec 𝜃 + tan 𝜃) 

(sec 𝜃 + tan 𝜃) 
 𝑑𝜃

𝑑

𝑑𝜃
(sec 𝜃 + tan𝜃) = sec 𝜃 𝑡𝑎𝑛𝜃 + sec2 𝜃 = sec 𝜃 (tan𝜃 + sec 𝜃)

∫
𝑑𝑢

𝑢
= ln|𝑢| 𝑢 = sec 𝜃 + tan 𝜃 

∫
1

𝑐𝑜𝑠 𝜃
𝑑𝜃

𝑅

0

= ln|sec 𝜃 + tan𝜃 |

∫
1

𝑐𝑜𝑠 𝜃
𝑑𝜃 − ∫ 𝑐𝑜𝑠 𝜃 𝑑𝜃

𝑅

0

𝑅

0

= [ln|sec 𝜃 + tan𝜃 |]0
𝑅 − [sin 𝜃]0

𝑅

sec 𝜃 =
1

cos 𝜃
=
√𝑥0

2 + 𝑟2

𝑥0
    ;  tan 𝜃 =

𝑟

𝑥0
    ; sin 𝜃 =

𝑟

√𝑥0
2 + 𝑟2



[ln |
√𝑥0

2 + 𝑟2

𝑥0
    +

𝑟

𝑥0
|]

0

𝑅

− [
𝑟

√𝑥0
2 + 𝑟2

]

0

𝑅

= ln |
√𝑥0

2 + 𝑅2

𝑥0
    +

𝑅

𝑥0
| − (ln(1) − 0) − (

𝑅

√𝑥0
2 + 𝑅2

)  

=   ln |
𝑅 + √𝑥0

2 + 𝑅2

𝑥0
 | −

𝑅

√𝑥0
2 + 𝑅2

𝑅+ √𝑥0
2+𝑅2

𝑥0

∫
 𝑟2 𝑑𝑟

( 𝑥0
2 + 𝑟2)

3
2

𝑅

0

= ln |
𝑅 + √𝑥0

2 + 𝑅2

𝑥0
 | −

𝑅

√𝑥0
2 + 𝑅2

 

𝑭 = 2 𝐺𝑀 𝑥0 𝜌 𝜋𝐾 ∫
 𝑟2 𝑑𝑟

( 𝑥0
2 + 𝑟2)

3
2

𝑅

0

=  2 𝐺𝑀 𝑥0 𝜌 𝜋𝐾 (ln (
𝑅 + √𝑥0

2 + 𝑅2

𝑥0
) −

𝑅

√𝑥0
2 + 𝑅2

)  

[𝐺] =
𝑁 𝑚2

𝑘𝑔2
[𝑀] = 𝑘𝑔 [𝑥0] = 𝑚 [𝜌] =

𝑘𝑔

𝑚3
[𝐾] = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒

⇒ [𝐹] =
𝑁 𝑚2

𝑘𝑔2
⋅ 𝑘𝑔 ⋅ 𝑚 ⋅

𝑘𝑔

𝑚3
=  𝑁

 

 

𝐹 = −
𝐺𝑀𝑚0

𝑟2

𝑑𝐹

𝑑𝑦

𝑑𝐹 = 𝐺
𝑚0 𝑑𝑀

𝑟2

𝑟2 = 𝑥0
2 + 𝑦2

𝜆 =
𝑀

𝐿
𝜆 =

𝑑𝑀

𝑑𝑦
 ⇒ 𝑑𝑀 = 𝜆 𝑑𝑦 =

𝑀

𝐿
𝑑𝑦



𝑑𝐹 = 𝐺
𝑚0 𝑑𝑀

𝑟2
= 𝐺

𝑚0𝑀 𝑑𝑦

𝐿 (𝑥0
2 + 𝑦2)

−𝐿/2 +𝐿/2.

𝑑𝑚

𝑂), 𝑦

𝑥.

𝑑𝐹𝑥 = 𝑑𝐹 cos(𝜃) = 𝑑𝐹 (
𝑥0
𝑟
) = 𝐺

𝑚0𝑀 𝑑𝑦

𝐿 (𝑥0
2 + 𝑦2)

 (
𝑥0
𝑟
) = 𝐺

𝑚0𝑀 𝑑𝑦

𝐿 (𝑥0
2 + 𝑦2)

 (
𝑥0

√𝑥0
2 + 𝑦2 

)

= 𝐺
𝑚0𝑀 𝑥0 𝑑𝑦 

𝐿 (𝑥0
2 + 𝑦2)

3
2

𝑭 = ∫𝑑𝐹 =  ∫ 𝐺
𝑚0𝑀 𝑥0 𝑑𝑦 

𝐿 (𝑥0
2 + 𝑦2)

3
2

=
𝐺𝑚0𝑀𝑥0

𝐿
∫

 𝑑𝑦 

(𝑥0
2 + 𝑦2)

3
2

 

𝐿/2

−𝐿/2

 

𝐿/2

−𝐿/2

∫
 𝑑𝑦 

(𝑥0
2+𝑦2)

3
2

 
𝐿/2

−𝐿/2

𝒚 = 𝒙𝟎 𝒕𝒂𝒏𝜽 = 𝑥0
𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃
⇒ 𝑑𝑦 = 𝑥0

𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜃

cos2 𝜃 
𝑑𝜃 = 𝑥0

1

cos2 𝜃   
= 𝑥0 sec

2 𝜃  𝑑𝜃

⇒  ∫
 𝑑𝑦 

(𝑥0
2 + 𝑦2)

3
2

=∫
𝑥0 𝑠𝑒𝑐

2 𝜃  𝑑𝜃 

(𝑥0
2 + 𝑥0

2 tan2 𝜃)
3
2

= ∫
𝑥0 𝑠𝑒𝑐

2 𝜃  𝑑𝜃 

𝑥0
3 (1 + tan2 𝜃)

3
2

= ∫
𝑠𝑒𝑐2 𝜃  𝑑𝜃 

𝑥0
2  (

1
cos2 𝜃 

)

3
2

= ∫
𝑠𝑒𝑐2 𝜃  𝑑𝜃 

𝑥0
2 (𝑠𝑒𝑐2 𝜃)

3
2

=
1

𝑥0
2∫
𝑠𝑒𝑐2 𝜃  𝑑𝜃 

𝑠𝑒𝑐3 𝜃
=
1

𝑥0
2∫

1 𝑑𝜃 

𝑠𝑒𝑐 𝜃

=
1

𝑥0
2∫𝑐𝑜𝑠𝜃 𝑑𝜃 =

1

𝑥0
2  𝑠𝑖𝑛𝜃 

𝑟 𝑠𝑖𝑛𝜃 = 𝑦 ⇒ 𝑠𝑖𝑛𝜃 =
𝑦

𝑟
=

𝑦

 (𝑥0
2+𝑦2)

1
2

⇒ ∫
 𝑑𝑦 

(𝑥0
2 + 𝑦2)

3
2

=

𝐿/2

−𝐿/2

1

𝑥0
2  [

𝑦

 (𝑥0
2 + 𝑦2)

1
2

]

−
𝐿
2

𝐿
2

=
1

𝑥0
2

(

 
 𝐿

 (𝑥0
2 + (

𝐿
2)
2

)

1
2

)

 
 
=

𝐿

𝑥0
2 √𝑥0

2 + (
𝐿
2)
2

𝐺𝑚0𝑀𝑥0

𝐿
 

𝑭 =
𝐺𝑚0𝑀𝑥0

𝐿
⋅

𝐿

𝑥0
2 √𝑥0

2 + (
𝐿
2)
2
=

𝑮𝒎𝟎𝑴

𝒙𝟎 √𝒙𝟎
𝟐 + (

𝑳
𝟐)
𝟐
 



 𝜆 =
𝑀

𝐿
 ⇒ 𝑀 = 𝜆 𝐿

⇒ 𝑭 =
𝐺𝑚0𝑀

𝑥0 √𝑥0
2 + (

𝐿
2)
2
=

𝐺𝑚0𝜆𝐿

𝑥0 √𝑥0
2 + (

𝐿
2)
2

𝐿

lim
𝐿→∞

𝐿

√𝑥0
2 + (

𝐿
2)
2
= lim
𝐿→∞

𝐿

√(
𝐿
2)
2
= lim
𝐿→∞

𝐿

𝐿
2

= 2

𝑳 ⟶ ∞

𝑭 =
𝟐 𝑮𝒎𝟎𝝀

𝒙𝟎 

 

𝑚𝐴 𝑚𝐵,

𝑂 𝑟𝐴,  𝑂 𝑟𝐵,

𝑂.

 𝑚𝐴 .

𝐹𝐴 =
𝐺𝑚𝐴𝑚𝐵
(𝑟𝐴 + 𝑟𝐵)2

𝑚𝐴 𝑂: 𝐹𝑐𝐴 =
𝑚𝐴𝑣𝐴

2

𝑟𝐴
=
𝑚𝐴

𝑟𝐴
(
2𝜋𝑟𝐴

𝑇𝐴
)
2

=
4𝜋2𝑚𝐴𝑟𝐴

𝑇𝐴
2

𝑚𝐵 .

𝐹𝐵 =
𝐺𝑚𝐴𝑚𝐵
(𝑟𝐴 + 𝑟𝐵)2

𝑚𝐵 𝑂: 𝐹𝑐𝐵 =
𝑚𝐵𝑣𝐵

2

𝑟𝐵
=
𝑚𝐵

𝑟𝐵
(
2𝜋𝑟𝐵

𝑇𝐵
)
2

=
4𝜋2𝑚𝐵𝑟𝐵

𝑇𝐵
2

𝐹𝐴 = 𝐹𝐵 𝐹𝐴 = 𝐹𝐶𝐴 𝐹𝐵 = 𝐹𝐶𝐵 𝐹𝐶𝐴 = 𝐹𝐶𝐵

⇒ 
4𝜋2𝑚𝐴𝑟𝐴

𝑇𝐴
2 =

4𝜋2𝑚𝐵𝑟𝐵

𝑇𝐵
2   

𝑇𝐴=𝑇𝐵
⇔    𝑚𝐴𝑟𝐴 = 𝑚𝐵𝑟𝐵  ⇔

𝒓𝑨
𝒓𝑩
=
𝒎𝑩

𝒎𝑨

𝑟𝐵 = 2 𝑟𝐴
𝑟𝐴

2 𝑟𝐴
=
𝑚𝐵

𝑚𝐴
 ⇒ 𝑚𝐵 = 2 𝑚𝐴

 𝐹𝐴 = 𝐹𝑐𝐴
𝐺𝑚𝐴𝑚𝐵

(𝑟𝐴+𝑟𝐵)2
=
4𝜋2𝑚𝐴𝑟𝐴

𝑇𝐴
2  ⇔  

𝐺𝑚𝐵

(𝑟𝐴+𝑟𝐵)2
=
4𝜋2𝑟𝐴

𝑇𝐴
2

𝐹𝐵 = 𝐹𝐶𝐵
𝐺𝑚𝐴𝑚𝐵

(𝑟𝐴+𝑟𝐵)2
=
4𝜋2𝑚𝐵𝑟𝐵

𝑇𝐵
2  ⇔  

𝐺𝑚𝐴

(𝑟𝐴+𝑟𝐵)2
=
4𝜋2𝑟𝐵

𝑇𝐵
2



𝐺𝑚𝐵
(𝑟𝐴 + 𝑟𝐵)2

+
𝐺𝑚𝐴

(𝑟𝐴 + 𝑟𝐵)2
=
4𝜋2𝑟𝐴

𝑇𝐴
2 +

4𝜋2𝑟𝐵

𝑇𝐵
2

𝑇𝐴=𝑇𝐵=𝑇
⇔       

𝐺𝑚𝐵
(𝑟𝐴 + 𝑟𝐵)2

+
𝐺𝑚𝐴

(𝑟𝐴 + 𝑟𝐵)2
=
4𝜋2𝑟𝐴
𝑇2

+
4𝜋2𝑟𝐵
𝑇2

 

⇔ 
𝐺 (𝑚𝐴 +𝑚𝐵)

(𝑟𝐴 + 𝑟𝐵)2
=
4𝜋2(𝑟𝐴 + 𝑟𝐵)

𝑇2

⇔
(𝒓𝑨 + 𝒓𝑩)

𝟑

𝑻𝟐
=
𝑮(𝒎𝑨 +𝒎𝑩)

𝟒 𝝅𝟐

𝑚𝐴 +𝑚𝐵 =
4 𝜋2 (𝑟𝐴+𝑟𝐵)

3

𝐺 𝑇2
=

4 𝜋2 (2,99×1012)
3

6,67×10−11⋅ (50⋅365⋅24⋅3600)2
= 6,34 × 1030 𝑘𝑔

𝑚𝐵 = 2 𝑚𝐴  ⇒ 3 𝑚𝐴 = 6,34 × 10
34 𝑘𝑔 ⇒ 𝑚𝐴 = 2,1 × 10

30 𝑘𝑔

𝑚𝐵 = 2 𝑚𝐴 = 4,2 × 10
30𝑘𝑔

 

𝐹𝑔 = 𝐺
𝑀𝑇𝑀𝑠

𝑟𝑠
2

𝐹𝑐 = 𝑀𝑠 ⋅
𝑣2

𝑟𝑠
.

𝐺
𝑀𝑇𝑀𝑠
𝑟𝑠2

= 𝑀𝑠 ⋅
𝑣2

𝑟𝑠
 ⇒ 𝐺

𝑀𝑇
𝑟𝑠
= 𝑣2

𝑣 =
𝑥

𝑡
𝑥, 2𝜋𝑟𝑡𝑙 𝜏,

𝑣 =
𝑥

𝑡
=
2𝜋𝑟𝑇

𝜏
 ⇒ 𝑣2 =

4 𝜋2𝑟𝑠
2

𝜏2
⇒ 𝑣 =

2𝜋𝑟𝑠

𝜏
=
2𝜋𝑟𝑡𝑙

𝜏 2 
=
𝜋𝑟𝑡𝑙

𝜏 
 

𝐺
𝑀𝑇

𝑟𝑠
= 𝑣2  ⇔  𝐺

𝑀𝑇

𝑟𝑠
=
4 𝜋2𝑟𝑠

2

𝜏2
 ⇒ 𝜏2 =

4 𝜋2𝑟𝑠
3

𝐺 𝑀𝑇
 ⇒ 𝝉 = 2 𝜋 √

𝑟𝑠
3

𝐺 𝑀𝑇
= 2

𝜋

𝐺 𝑀𝑇
 √𝑟𝑠

3  

=
 2 𝜋

√6,67 × 10−11  ⋅  5,975 × 1024 
√(
𝑟𝑡𝑙
2
)
3

= 3,15 × 10−7 √(
3,844 × 108

2
)

3

  𝑠𝑒𝑐𝑜𝑛𝑑𝑒𝑠 

= 839334 𝑠 = 9,71 𝑗𝑜𝑢𝑟𝑠



𝑣 =
𝜋𝑟𝑡𝑙

𝜏 
𝑣 =

𝜋  3,844×108

839334 
= 1438 𝑚/𝑠

 

𝑂, 𝑔 𝑌

𝑌

𝑋,

𝑔𝑚 =
𝐺𝑚

𝑟2
.

𝑔 =  2 𝑔𝑚 cos 𝜃

𝑔 =  2 𝑔𝑚 cos 𝜃 = 2 
𝐺𝑚

𝑟2
⋅
𝑥

𝑟
=
2 𝐺 𝑚 𝑥

𝑟3
=

2 𝐺 𝑚 𝑥

(𝑥2 + 𝑑2)
3
2

 

 

 



 

 

 

 

 

 

 

 



 

 

 

 

 

 



 

 

 

 

 


